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*Hetero-EUCLID : Heterogeneous hyperelastic - Efficient Unsupervised Constitutive Law Identification and Discovery

Fo
r 

ge
ne

ra
liz

ed
 

m
ul

ti
-r

eg
io

na
l 

he
te

ro
ge

ne
ou

s 
ca

se

Heterogeneous Hyperelastic Material

Mat1

Mat2

.
.

.
For bi-material 

heterogeneous case

Homogeneous Solids: 

Multi region heterogeneous Solids: 

Bayesian-EUCLID | Solving Inverse Problem

Joint minimization:
Sparsity 

regularization
Reaction force 

balance
Zero internal 

forces

Likelihood: equilibrium given 
material model and displacements

Prior: material model
with sparse features

Posterior: material model given observed 
equilibrium and displacements

Bayes’ rule:

Results
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Feature library and models 1 Neo-Hookean 
model (NH2) 𝑊NH2 𝑪; 𝜽 = 𝜃1

෩𝐼1 − 3 + 𝜃19 𝐽 − 1 2

2 Isihara model 
(ISH) 𝑊ISH 𝑪; 𝜽 = 𝜃1

෩𝐼1 − 3 + 𝜃2
෩𝐼2 − 3 + 𝜃3

෩𝐼1 − 3
2

+ 𝜃19 𝐽 − 1 2

3 Haines-Wilson 
model (HW)

𝑊HW 𝑪; 𝜽 =  𝜃1
෩𝐼1 − 3 + 𝜃2

෩𝐼2 − 3

 + 𝜃4
෩𝐼1 − 3 ෩𝐼2 − 3 + 𝜃5

෩𝐼1 − 3
3

+ 𝜃19 𝐽 − 1 2

4 Ogden model 
(OG)

𝑊OG 𝑪; 𝜽 =
2𝜇

𝜂
෪𝜆1

𝜂
+ ෪𝜆2

𝜂
+ ෪𝜆3

𝜂
− 3 + 𝜃19 𝐽 − 1 2

where ෪𝜆1, ෪𝜆2, ෪𝜆3 are principal stretches with ෪𝜆𝑘 = 𝐽−1/3𝜆𝑘

5
Holzapfel-
Gasser-Ogden 
model (HGO)

𝑊HGO 𝑪; 𝜽 = 𝜃1
෩𝐼1 − 3 + 𝜃18

𝐽2 − 1

2
− ln 𝐽 +

𝑘1

2𝑘2
𝑒𝑘2 ෩𝐼𝑎−1 2

− 1

where ෩𝐼𝑎 = 𝐽−2/3 𝒂 ⋅ 𝑪𝒂  denotes anisotropic invariant with one fiber family 
having orientation angle 𝛼 with 𝒂 = cos 𝛼 , sin 𝛼 , 0 𝑇
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• Framework to segment and model heterogeneous hyperelastic materials interpretably.
• Residual force-based segmentation for accurate material interface detection.
• Bayesian-EUCLID enables sparse, interpretable region-wise material model discovery.
• Robust to displacement noise, non-native mesh, and complex heterogeneities.

https://d3lab-iisc.github.io/ 
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   W  NH2  ( 𝑪 ; 𝜽 ) =  𝜃 1  (    I 1 ~ − 3 ) +  𝜃 19    ( J − 1 ) 2


   W  ISH  ( 𝑪 ; 𝜽 ) =  𝜃 1  (    I 1 ~ − 3 ) +  𝜃 2  (    I 2 ~ − 3 ) +  𝜃 3    (    I 1 ~ − 3 ) 2 +  𝜃 19    ( J − 1 ) 2


   W  HW  ( 𝑪 ; 𝜽 ) =    𝜃 1  (    I 1 ~ − 3 ) +  𝜃 2  (    I 2 ~ − 3 )


                                                                +   𝜃 4  (    I 1 ~ − 3 )  (    I 2 ~ − 3 ) +  𝜃 5    (    I 1 ~ − 3 ) 3 +  𝜃 19    ( J − 1 ) 2


   W  OG  ( 𝑪 ; 𝜽 ) =   2 𝜇 𝜂  (    𝜆 1 𝜂 ~ +    𝜆 2 𝜂 ~ +    𝜆 3 𝜂 ~ − 3 ) +  𝜃 19    ( J − 1 ) 2


     𝜆 1 ~ ,    𝜆 2 ~ ,    𝜆 3 ~


     𝜆 k ~ =  J  − 1 / 3  𝜆 k


   W  HGO  ( 𝑪 ; 𝜽 ) =  𝜃 1  (    I 1 ~ − 3 ) +  𝜃 18  [    (  J 2 − 1 ) 2 −  ln ⁡   ( J ) ] +    k 1  2  k 2  [  e   k 2    (    I a ~ − 1 ) 2 − 1 ]


     I a ~ =  J  − 2 / 3  ( 𝒂 ⋅ 𝑪 𝒂 )


  𝛼  


  𝒂 =    (  cos ⁡ 𝛼 ,  sin ⁡ 𝛼 , 0 ) T

